We present a model for the calculation of the polarization properties of fullerenes and carbon nanotubes. This model describes each atom by both a net electric charge and a dipole. Compared to dipole-only models, the consideration of electric charges enables one to account for the displacement of free electrons in structures subject to an external field. It also enables one to account for the accumulation of additional charges. By expressing the electrostatic interactions in terms of normalized propagators, the model achieves a better consistency as well as an improved stability. In its most elementary form, the model depends on a single adjustable parameter and provides an excellent agreement with other experimental and theoretical data. The technique is applied to a C 720 fullerene and to open and closed ͑5,5͒ nanotubes. The simulations demonstrate the improved stability of our algorithm. In addition, they quantify the role of free charges in the polarization of these structures. The paper finally investigates the field-enhancement properties of open and closed ͑5,5͒ nanotubes.
I. INTRODUCTION
Carbon nanotubes are characterized by exceptional mechanical, 1,2 thermal, 3, 4 and electronic [5] [6] [7] properties, which make them promising candidates for applications in nanoelectronics. 8, 9 Because of their high aspect ratio, these structures turn out to be excellent field emitters as they provide high current densities for macroscopic fields of a few volts per micrometer. 10, 11 Carbon nanotubes are also likely to find applications as molecular sensors. [12] [13] [14] For the development of these applications, modeling the response of the nanotubes to a macroscopic electric field or to the field due to nearby molecules is therefore an important issue.
First-principles techniques are very useful in this context as they provide accurate atomic and molecular polarizabilities. [15] [16] [17] [18] [19] [20] Semiempirical models rely on the data computed by these techniques and enable one to consider larger systems, while reducing the time and computational resources required to address those systems. Because of these reduced computational requirements, semiempirical models are widely used in molecular dynamic simulations, where electrostatic forces have to be computed for every time step, or in problems where many configurations have to be considered. 13 Finally, these models address directly quantities that are of interest for experimentalists: charges and polarization.
A technique traditionally used to describe the polarization of isolated molecules is to associate with each atom a dipole, whose value is computed self-consistently considering the external field and the interactions with the other dipoles. [21] [22] [23] [24] [25] [26] In recent publications, [27] [28] [29] we extended this description by associating also an electric charge to each atom. This monopole-dipole representation of the electronic densities comes naturally as the Taylor expansion of the charge distribution associated with each atom. The consideration of net charges in sp 2 carbon materials enables one to address the fact that the electrons of these systems move from one atomic site to the other in response to an external field. It also enables one to account for the accumulation of additional charges, which is essential for the modelization of field emission. 28 Expanding a recent publication, 30 we present in this paper a formulation in terms of normalized propagators of this charge-dipole representation of nanostructures. This formulation has the advantage of making the model more consistent and of describing more accurately the charge-dipole and the dipole-dipole interactions. It also provides a relation between the extension of the electric charges and the atomic polarizabilities, which reduces the number of adjustable parameters. Compared to our previous formulation, 28 this model is numerically more stable and provides an excellent agreement with other experimental and theoretical data. The details of this technique are presented in Sec. II. The parametrization of the model is given in Sec. III. In Sec. IV, we compare results obtained with a C 720 fullerene using either our previous model 28 or the current technique. In Sec. V, we then apply the model to open and closed ͑5,5͒ nanotubes. The technique provides a consistent definition of the local fields, which enables one to compute the field-enhancement properties of these structures.
II. THEORY: FORMULATION IN TERMS OF NORMALIZED PROPAGATORS OF THE CHARGE-DIPOLE MODEL
We focuss in this paper on sp 2 carbon materials and in particular on fullerenes and carbon nanotubes. Considering the availability of electronic states in the vicinity of the Fermi level ͑for the structures considered [31] [32] [33] ͒ and neglecting quantum-mechanical effects 34 that may prevent electronic charges from moving from one atomic site to the other, we describe each atom by a net charge q i and a dipole p i . As explained later, the actual values of the q i and p i will be those that minimize the total electrochemical energy of the system.
A. Total electrochemical energy of a system of charges and dipoles
Let N be the number of atoms in the structure considered. In a reformulation of our previous work, 27-29 the total elec-trochemical energy E tot associated with a given distribution ͕q i , p i ͖ of charges and dipoles placed at the atomic positions r i can be written as
where i stands for the electron affinity of the atom i, V i refers to the values of the external potential, and E is the external field. The physical grounds of Eq. ͑1͒ are explained with details in Ref. 28 . The first term of this equation accounts for the electrostatic interactions between the charges q i , the second for the interactions between the dipoles p i , and the third one for the interactions between the charges and the dipoles ͑the factor 1/2 prevents the double counting of some of these interactions͒. The fourth term accounts for the energy required in order to bring a charge q i to a position characterized by an external potential V i . It also accounts, through the electron affinity i , for the interactions between the additional charge q i and the electrons of the atom that stands at the position r i . The last term finally accounts for the electrostatic interactions between the dipoles p i and the external field E.
For a system of point charges, we have T q-q i,j = ͑1/4⑀ 0 ͒ ϫ͑1/r i,j ͒, with r i,j the distance between the atom i and the atom j. From the elementary definition of a dipole, one can derive the two other tensors using
5 ͑with I the 3 ϫ 3 identity matrix͒. Consistency with basic electrostatics is verified by the fact that E q j = T p-q i,j q j provides the electric field due to the charge q j , while E p j = T p-p i,j p j provides the electric field due to the dipole p j ͑both of them acting on the dipole p i ͒. The problem when considering point charges is that the tensors T q-q i,j , T p-q i,j , and T p-p i,j diverge as r i,j → 0, so that the term T p-q i,i must be removed explicitly while the terms T q-q
and T p-p i,i are replaced by finite expressions associated with the self-energy of the charges q i and of the dipoles p i , respectively.
B. Description of the charges q i and of the dipoles p i by Gaussian distributions (the Q + P iso †R ‡ model)
In order to solve the difficulties involved with point charges, we assume that the excess charges q i are described by Gaussian distributions of the form i ͑r͒ = ͑q i / 3/2 R 3 ͒exp͑−͉r − r i ͉ 2 / R 2 ͒ ͑with r i the position of the atom i and R the width of the distributions͒. In our previous work, 28 the atomic distances r i,j were replaced by r i,j / erf͓r i,j / ͑ ͱ 2R͔͒ in order to make T q-q i,j exact within that assumption of Gaussian distributions. 35 This renormalization of the distances, however, did not turn T p-q i,j and T p-p i,j into expressions rigorously correct in that context. The approach developed in this paper consists in considering T q-q i,j = ͑1/4⑀ 0 ͒erf͓r i,j / ͑ ͱ 2R͔͒ / r i,j as starting quantity, the components T p-q i,j and T p-p i,j of the other tensors being determined from the derivation of that expression. It is therefore the tensors T q-q , T p-q , and T p-p themselves that are renormalized, instead of the interatomic distances. Tensors obtained within that renormalization scheme are also referred to as "renormalized propagators" in the literature. 12 This idea to introduce a factor erf ͓r i,j / ͑ ͱ 2R͔͒ in T q-q i,j is justified by the fact that T q-q i,j provides the electrostatic energy of two Gaussian distributions of charges, in contrast with that of two point charges for which the expressions of the previous section are relevant. These distributions of charges are comparable with the electronic clouds of the carbon atoms and the erf function accounts for the reduction of the electrostatic energy when these clouds interpenetrate. Provided these charge distributions have the form i ͑r͒
with r i standing for the atomic positions, this treatment is actually exact. The fact that our model relies on an approximation that is physically reasonable ͑the description of the excess atomic charges by Gaussian distributions͒ explains why it provides results in good agreement with other theoretical and experimental data ͑provided the parameters of the model are properly adjusted͒. Quantum-mechanical effects are expected to become significant in situations where electronic charges are prevented from moving from one atomic site to the other and when considering smaller structures ͑the quantization of the energy levels is indeed likely to prevent the use of simple classical concepts͒. For the structures considered in this paper, the energy levels are, however, so close around the Fermi level that classical concepts provide a reasonable approximation.
Developing the idea presented at the beginning this section, we therefore determine
In contrast with results obtained by scaling the distances r i,j , these two expressions are rigorously correct. T p-q i,j describes the electrostatic interactions between a Gaussian distribution of charges q i and the dipolar moment p j associated with Gaussian distributions of charges, while T p-p i,j describes the electrostatic interactions between two dipolar moments p i and p j .
The dipolar moments p i discussed from this point of the paper can be conceived as two Gaussian distributions of charges, of absolute value ͉p i ͉ / ⌬x and of opposite sign, separated by a distance ⌬x. In order to reach an infinitesimal definition of the dipolar moments, one can let ⌬x tend to zero. The charge density ͑r͓͒p i ͔ associated with a dipole p i is then given by
where u is a unit vector pointing in the direction of the dipole p i ͑from the negative to the positive elementary charge this dipole is made of͒ and
is the charge density associated with a unit charge on the atom i. From a mathematical point of view, the dipoles p i appear naturally associated with the differential operator ١. From a practical point of view, these dipolar moments p i are in essence identical with those encountered in elementary electrostatics, except that the elementary charges p i is made of are distributed according to a Gaussian function rather than being point particles.
It can be checked that lim r i,j →0 T p-q i,j = 0, which is the result expected by symmetry. The second result is that
, which is the selfenergy of the excess charge q i already used in our previous work.
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A final noticeable result
3 ͒I͔p i , where I is the 3 ϫ 3 identity matrix. Since, according to our previous work, this must also be equal to the self-energy 1 2 p i · ␣ i −1 p i of the dipole p i , we find that formulating consistently the interactions within a system of charges and dipoles results in an isotropic atomic polarizability given by
where R is the width of the charge distributions. The model is therefore consistent in the sense that the terms T p-q i,i cancel naturally while the terms T q-q i,i and T p-p
provide the self-energy of the charges and of the dipoles, respectively. The relation ͑5͒ constitutes a significant methodological progress. It relates indeed the width of the charge distributions to the atomic polarizabilities, these quantities having been considered as independent in the past. The development also implies that the charges and the dipoles are described by the same extension parameter R, which constitutes the single adjustable parameter of this model ͑given the positions r i , the tensors T q-q , T p-q , and T p-p depend on R only͒. We will refer hereafter to this most elementary form of our model by the notation Q + P iso ͓R͔. The Q and P symbols invoke the presence of charges and dipoles in the model. Iso refers to the use of isotropic atomic polarizabilities. The braces contain the adjustable parameters of the model ͑in this case R, the width of the charge distributions͒.
C. A first relaxation of the model enabling the charges and the dipoles to be described by different extension parameters (the Q+P iso †R , ␣ iso ‡ model)
As demonstrated later, the model developed so far provides already an excellent agreement with experimental or other theoretical data. To include, however, additional degrees of freedom in the model, we will relax the Q + P iso ͓R͔ model by assuming that the charges q i and the dipoles p i are described by different extension parameters ͑referred to by R q and R p , respectively͒. The tensors that determine the total electrochemical energy E tot are then updated according to
where
, and R p-p = ͱ 2R p are the effective radii relevant to these electrostatic interactions.
In the same way as previously, one can relate the extension R p of the dipoles to an isotropic atomic polarizability given by
Taking this relation into account, this second version of our model depends actually on two parameters: the extension R = R q of the charge distributions and the isotropic polarizability ␣ iso . We will refer to this model by the notation Q + P iso ͓R , ␣ iso ͔. The braces contain the two adjustable parameters of this model. Without the relation ͑9͒, ␣ iso and R p would have been considered as two independently adjustable parameters. The model developed so far is intrinsically associated with isotropic atomic polarizabilities. Introducing anisotropic polarizabilities rigorously would require considering from the beginning an anisotropic distribution function for the charges q i , so that the terms −
We take a simplified approach by just redefining the diagonal elements
, with ␣ i an anisotropic atomic polarizability tensor arbitrarily associated with the atom i. The tensors T q-q , T p-q , and the remaining components of T p-p are formally the same as in the previous model.
In order for the relation −
3 ͒I͔p i to hold on average ͑for different orientations of the dipole p i ͒, we enforce that ␣ moy /4⑀ 0 =3 ͱ /2R p 3 , with the average atomic polarizability ␣ moy related to the main components ͑␣ par , ␣ par , ␣ perp ͒ of ␣ i by ␣ moy =3/͑2/␣ par +1/␣ perp ͒. These conditions come to enforcing that the trace of ͓͑1/4⑀ 0 ͒͑ ͱ 2/ /3R p 3 ͒I͔ be equal to that of ␣ i −1 , so that we achieve the best possible consistency between the intrinsic properties of our model and the atomic polarizability effectively chosen. For the sp 2 carbon materials studied in this paper, ␣ par refers to the components of the atomic polarizability tensor in the plane defined by the three neighbors of a given atom. ␣ perp refers to the component corresponding to the direction perpendicular to that plane. Because of the relation imposed between the extension R p of the dipoles and the components ␣ par and ␣ perp of the polarizability tensor, this last version of our model depends actually on three adjustable parameters: R = R q ͑the width of the charge densities͒, ␣ par , and ␣ perp . This model will be referred to by the notation Q + P aniso ͓R , ␣ par , ␣ perp ͔. Aniso refers to the use of anisotropic atomic polarizabilities. The braces contain the three adjustable parameters of this model. Given the tensors T q-q , T p-q , and T p-p , the total electrochemical energy E tot of the system is entirely determined. The actual values of the charges q i and of the dipoles p i are then obtained by solving the equations dE tot / dq i =0, dE tot / dp x,i =0, dE tot / dp y,i = 0, and dE tot / dp z,i = 0, which minimizes E tot . As explained in Ref. 28 , one can enforce that the structure considered carries a net electric charge of Q tot ͑Q tot = 0 will enforce charge neutrality͒. The actual values of q i and p i are then obtained by minimizing f = E tot + ͚͑ i=1 N q i − Q tot ͒ instead of E tot . One can also account for the presence of a metallic surface, which introduces image interactions within this system of charges and dipoles. The way these interactions must be treated is similar to that presented in Ref. 28 .
Finally, once the actual values of the q i and p i are determined, the electric potential V͑r͒ relevant to an electron introduced as test charge at the position r must be calculated considering the interactions between the gaussian distributions of our model and a point charge. The expression to use for V͑r͒ is then given by
where the extensions R q and R p of the charge and dipole distributions are used as effective radii for these interactions. From the comparison with other experimental or theoretical data, the parameter R of the Q + P iso ͓R͔ model was adjusted to a value of 0.686 203 99 Å, which corresponds to ␣ iso /4⑀ 0 = 1.214 900 1 Å 3 . Letting R and ␣ iso be considered as independent parameters, we move to the Q + P iso ͓R , ␣ iso ͔ model whose adjusted parameters are R = 0.672 001 49 Å and ␣ iso /4⑀ 0 = 1.251 710 5 Å 3 . It can be noted that, despite the additional degree of freedom introduced in the methodology, the parameters of the Q + P iso ͓R,␣ iso ͔ model stay close to those of the previous one. Finally, considering anisotropic polarizabilities, we refer to the Q + P aniso ͓R,␣ par , ␣ perp ͔ model whose adjusted parameters are R = 0.663 294 37 Å, ␣ par /4⑀ 0 = 0.544 966 47 Å 3 , and ␣ perp /4⑀ 0 = 1.449 999 7 Å 3 . Table I compares the results achieved using these three models with other experimental and theoretical data. 20, 22, [37] [38] [39] [40] The agreement achieved with the Q + P iso ͓R͔ model is very satisfactory, considering the fact it depends on a single adjustable parameter. The two other models improve slightly the agreement with the reference data. The improvement achieved by each model ͑compared to the preceding models͒ is indicated by an asterisk in Table I . When weighting the absolute deviations between the reference data and the results provided by each model, the Q + P iso ͓R͔ model turns out to provide a global error of 5.976, the Q + P iso ͓R , ␣ iso ͔ model a global error of 5.305, and the Q + P aniso ͓R , ␣ par , ␣ perp ͔ model a global error of 4.561. For the calculation of these errors, the deviations from the reference data were weighted according to the reliability or the importance we estimated appropriate to associate with each data. The error values presented here were obtained by weighting the deviations from the mean polarizability of C 60 , C 70 , and C 84 by 1/1.5, 1/3, and 1/6, respectively, the deviations from the transverse polarizability of the ͑5,5͒, ͑6,6͒, and ͑9,0͒ nanotubes by 1, and the deviations from the ratio between the internal and external fields in C 60 and in the ͑5,5͒, ͑6,6͒, and ͑9,0͒ nanotubes by 1/0.025. Deviations related to the ͑5,5͒, ͑6,6͒, and ͑9,0͒ nanotubes were averaged and it is that average that was considered for the calculation of the error function. The values of R, ␣ iso , ␣ par , and ␣ perp provided for each model are those that minimize this error. The fact that the results provided by the three models are only slightly contrasted is due to the domination of the polarization process by the free charges, while the modifications introduced in the different models deal essentially with the dipoles. The fact that it is the Q + P aniso ͓R , ␣ par , ␣ perp ͔ model that provides the best results confirms the interest of describing the carbon atoms in nanotubes and fullerenes by anisotropic polarizabilities.
In Fig. 1 , we represented the axial polarization of a ͑5,5͒ nanotube as a function of its length. The results achieved by the three models are perfectly smooth and in excellent agreement with each other. They are also close to the result obtained analytically when representing the nanotube by a metallic cylinder ͑with a radius 1.2 Å larger than the actual one͒. 41 This confirms the ability of our model to describe metallic structures ͑results obtained considering dipoles only are included for comparison͒. These results also prove the stability of our technique. Compared to our previous work, 28 the current technique is indeed more robust when changing the parameters of the models or the length of the C-C bonds. It has therefore a better ability to deal with structures presenting defects or not built according to purely geometrical considerations. It can thus be applied to the study of large structures, some of them including many defects, in a wide variety of configurations.
IV. APPLICATION TO THE POLARIZATION OF A C 720 FULLERENE
In order to demonstrate the improvement achieved in the numerical stability of our technique, we compared in Fig. 2 the results obtained with a C 720 fullerene using both the previous 28 and the current formulation of our model. The C 720 fullerene is subject to an external field of 1 V / nm applied horizontally to the left of the figure. The two results are achieved using the Q + P aniso version of each model. The figure actually represents the electric charges as well as the dipoles induced by this external field.
Using the current technique, the molecular polarizability of the C 720 fullerene is found to be 2135 Å 3 . The electric charges contribute to a value of 1999 Å 3 and the dipoles to a value of 136 Å 3 . Electric charges provide therefore the main contribution to this polarizability. It can be shown that this contribution grows with the cube of the fullerene radius, while the contribution of dipoles only grows with the square of that radius. The consideration of electric charges is there- Comparison between experimental and theoretical data and results obtained using the Q + P iso ͓R͔, the Q + P iso ͓R , ␣ iso ͔, and the Q + P aniso ͓R , ␣ par , ␣ perp ͔ models. Data used as target values for the fit are underlined. Improvements provided by each model ͑compared with the previous models͒ are indicated with an asterisk. By ␣ Ќ / L, we mean the lateral polarizability per unit length ͑infinite nanotubes are considered͒. By E in / E out , we mean the ratio of internal to external transverse electric fields. The values that serve as reference in these rows were obtained using models where the C 60 is described by a spherical shell and the nanotubes by cylinders ͑Ref. 22͒. 1 . ͑Color online͒ Axial polarizability of a ͑5,5͒ nanotube, as obtained analytically with a cylinder ͑solid͒ or using the QϩP iso ͓R͔ ͑dashed͒, the QϩP iso ͓R , ␣ iso ͔ ͑dot-dashed͒, and the QϩP aniso ͓R , ␣ par , ␣ perp ͔ ͑dotted͒ models. The lower curve ͑dashed͒ stands for results obtained using an anisotropic dipole-only model. fore essential for the study of these structures. Using our previous formulation of this model, 28 the molecular polarizability is given by 2162 Å 3 , the charges and the dipoles contributing 1951 Å 3 and 211 Å 3 , respectively. Although the two formulations provide similar values for the molecular polarizability, the details at the atomic scale are quite different. Figure 2 reveals indeed that the dipoles calculated with the current technique are essentially perpendicular to the surface of the fullerene, with increased values at the corners. This picture is fully consistent with the presence of free electrons, whose equilibrium requires the local fields to be perpendicular to the surface of the fullerene ͑in this case the dipoles and the local fields point essentially in the same direction͒. The increased values at the corners of the structure are consistent with the magnification of the local fields at these places. The result also reveals that the distribution of induced charges changes progressively from positive values on the left part of the figure to negative values on the right part. In contrast, the result achieved using the model of Ref. 28 exhibits significant discrepancies with both the charges and the dipoles. These discrepancies are due to the approximations introduced in the charge-dipole and in the dipole-dipole interactions. These interactions are treated more accurately by the current model.
The current model is also less sensitive to the particular geometry of the structure considered. This is illustrated in Fig. 3 where we represented the polarizability of a C 720 fullerene, whose dimensions are artificially magnified by a factor ranging from 0.9 to 1.1 ͑compared to the original structure͒. The result achieved using the model of this paper in perfectly regular, while the result achieved using the pre- vious version of our model exhibits erratic variations. This proves the better ability of our model, in the form presented in this paper, to deal with a wider variety of structures that are not built according to purely geometrical considerations.
V. APPLICATION TO THE POLARIZATION OF (5,5) CARBON NANOTUBES
The model applies also to carbon nanotubes and gives for these structures the charges and the dipoles that are induced by external fields. It also provides a clear definition of the local fields, which is a useful quantity in field emission. From the polarizability ␣ i and the dipole p i of a given atom, the local fields can indeed be calculated using
The effects of the atomic charges are actually contained in the numerical values of the dipoles p i . To prove the validity of this approach, let us examine the contents of the equation dE tot / dp i = 0. If we take account of the fact that T p-p
and T p-q i,i = 0, one can write dE tot dp i
which can be put in the form
is an effective local electric field that accounts for the charges q j , for the dipoles p j , and for the external field E. This definition of the local fields has the merit to provide well-defined values. In contrast, the direct calculation of the field due to a collection of point charges or dipoles diverge at the atomic positions. The usual procedure is then to calculate the electric field at a given distance from the emitter. The position at which this field should be calculated is however arbitrary. In our approach, once the charges q i and the dipoles p i have been calculated and independently of the fact charges turn out to dominate the polarization process, the local fields are obtained directly from Eq. ͑11͒. It can be noted that the values obtained from the gradient of Eq. ͑10͒ are consistent with those provided by Eq. ͑11͒. This latter equation is however more concise and easier to implement.
We illustrated this ability of our model to deal with carbon nanotubes by considering a closed ͑5,5͒ nanotube standing vertically on a metallic substrate. The cylindrical body of the nanotube consists of 4000 atoms ͑200 elementary units͒ and the tube is closed by a half-C 60 molecule. The tube is subject to a uniform 0.1 V / nm external field applied downwards.
The potential energy, as calculated using Eq. ͑10͒, is represented in Fig. 4 . For simulations of transport or field emission, this result should be completed by the pseudopotential developed in Ref. 36 . The equipotentials represented in Fig.  4 tend to bypass the nanotube, leaving this structure at a nearly constant potential. This is of course the result expected for a metallic structure. The calculation also predicts that the nanotube carries a net electric charge of −10.8͑5͒e, with e the elementary electric charge. The maximal charge carried by a given atom is as small as −1.77ϫ 10 −2 e. As illustrated in Fig. 5 , the maximal values of the atomic charges are achieved at the apex of the nanotube. Net atomic charges are, however, present on the whole body of the nanotube.
Besides the charge q i and the dipole p i of the carbon atoms, another quantity of interest is the local field that acts on these atoms. This quantity is illustrated in Fig. 6 , where we represented the local fields at the apex of the closed ͑5,5͒ nanotube. The result shows that these local fields keep point- ing perpendicularly to the surface of the molecule, both in the body and in the cap of the nanotube. The absolute value of the local fields, for the 4030 atoms of the closed ͑5,5͒ nanotube, is represented in Fig. 7 . As expected for an elongated structure, the magnitude of the local fields is higher at the apex of the nanotube, where the induced charges were also observed to be higher. Again, the field that acts on the atoms decreases but keeps significant values on the whole body of the nanotube. This is in apparent contradiction with the fact the potential energy in the central axis of the nanotube keeps essentially constant. These local fields are, however, those that act on individual carbon atoms, ensuring that they get polarized in a way that minimizes the total electrostatic energy of the nanotube. These fields are different from those that act on an external electron situated well outside of the atomic charge distributions. This electron is indeed subject to the field exerted by all atoms and it was calculated that the field in the center of the nanotube is −1.2 ϫ 10 −3 V / nm, which is much smaller than the values represented in Fig. 7 and is consistent with a potential energy keeping essentially constant on the central axis of the nanotube.
The local field at the apex of this closed ͑5,5͒ nanotube is 1.30 V / nm, which corresponds to a "field-enhancement factor" ␥ = E loc,max / ͉E͉ of 13.0 ͑E loc,max = max i ͉ E loc,i ͉ and E is the external macroscopic field͒. This value is especially important in field-emission theories, because it determines the ability of the structure to emit electrons because of the external field. 42, 43 The two other important factors are the emission surface and the work function of the emitter, which can be influenced by adsorbed species thus leading to significant modifications of the emission. The field-enhancement factor is strongly geometry dependent and can thus be controlled by the growing process.
We represented in Fig. 8 the field-enhancement factor ␥ of open and closed ͑5,5͒ nanotubes as a function of their length ͑expressed by the number of elementary units in the cylindrical body of the nanotube͒. The results show that the fieldenhancement factor of closed ͑5,5͒ nanotubes is smaller than that of open ones. Open tubes can therefore be expected to be better field emitters, which agrees with conclusions published previously 44, 45 ͑but not with results published by Bonard et al. 46 ͒. The results presented in Fig. 8 where l = n ϫ 0.245 95 nm refers to the length of the cylindrical body of the ͑5,5͒ nanotube ͑n is the number of elementary units͒ and r = 0.339 nm to its radius. These two expressions reproduce the results of Fig. 8 with a mean absolute error of 0.02 ͑the fits are included in the figure͒. Furthermore, they agree with long-range expectations ͑i.e., ␥ ϳ L / r͒. [47] [48] [49] [50] The proportionality coefficients 0.1713 and 7.596ϫ 10 −2 are, however, smaller than the values of 1, 47 0.72, 48 or 0.73, 49 found elsewhere. This may come from the small radius of the particular nanotube taken into consideration in this paper ͑r = 0.339 nm͒. Another difference from classical calculations is that the present one is based on an atomistic representation of the nanotube, which does not assume it to be perfectly metallic. The fact that our proportionality coefficient is smaller than values obtained by classical electrostatics is actually in agreement with results published by Peng et al., who performed quantum-mechanical calculations and obtained a proportionality coefficient of 0.2 for closed ͑5,5͒ nanotubes. 50 For l =1 m, our formula predicts a field-enhancement factor of 509.6 for open ͑5,5͒ nanotubes, which is a realistic value. Finally, compared to previous work, Eqs. ͑14͒ and ͑15͒ have the advantage of providing also the field-enhancement values corresponding to smaller nanotubes.
VI. CONCLUSION
The applications presented in this paper thus prove the ability of our model to provide results related to the polarization properties of fullerenes and carbon nanotubes with a good accuracy and with reasonable computational resources. Besides improving the calculation of molecular polarization properties ͑compared to other classical calculations͒, the technique also gives access to the atomic charges, the atomic dipoles, and the local fields. These quantities turn out to be enhanced at the defects or asperities of these structures, which is likely to influence the dynamics of nearby molecules. The applications also provided an analytical expression for the field-enhancement properties of open and closed nanotubes, which is an important parameter in field emission. Compared to our previous formulation, 28 the model presented in this paper achieves a better consistency as well as a better numerical stability. It provides an excellent agreement with other experimental and theoretical data. Future developments of this model will address the frequency dependence of the parameters as well as nonlinear polarizabilities. In its current form, it constitutes an efficient tool for the systematic study of polarization properties and should help in developing future technologies. 
